Finding fingerprints of disordered Weyl semimetals (WSMs) is an unsolved task. Here we report such findings in the level statistics and the fractal nature of electron wavefunction around Weyl nodes of disordered WSMs. The nearest-neighbor level spacing follows a new universal distribution P c (s) = C 1 s 2 exp[−C 2 s 2−γ 0 ] originally proposed for the level statistics of critical states in the integer quantum Hall systems or normal dirty metals (diffusive metals) at metal-to-insulator transitions, instead of the Wigner-Dyson distribution for diffusive metals. Numerically, we find γ 0 = 0.62 ± 0.07. In contrast to the Bloch wavefuntions of clean WSMs that uniformly distribute over the whole space of (D = 3) at large length scale, the wavefunction of disordered WSMs at a Weyl node occupies a fractal space of dimension D = 2.18 ± 0.05. The finite size scaling of the inverse participation ratio suggests that the correlation length of wavefunctions at Weyl nodes (E = 0) diverges as ξ ∝ |E| −ν with ν = 0.89 ± 0.05. In the ergodic limit, the level number variance Σ 2 around Weyl nodes increases linearly with the average level number N, Σ 2 = χN, where χ = 0.2 ± 0.1 is independent of system sizes and disorder strengths.
Finding fingerprints of disordered Weyl semimetals (WSMs) is an unsolved task. Here we report such findings in the level statistics and the fractal nature of electron wavefunction around Weyl nodes of disordered WSMs. The nearest-neighbor level spacing follows a new universal distribution P c (s) = C 1 s 2 exp[−C 2 s 2−γ 0 ] originally proposed for the level statistics of critical states in the integer quantum Hall systems or normal dirty metals (diffusive metals) at metal-to-insulator transitions, instead of the Wigner-Dyson distribution for diffusive metals. Numerically, we find γ 0 = 0.62 ± 0.07. In contrast to the Bloch wavefuntions of clean WSMs that uniformly distribute over the whole space of (D = 3) at large length scale, the wavefunction of disordered WSMs at a Weyl node occupies a fractal space of dimension D = 2.18 ± 0.05. The finite size scaling of the inverse participation ratio suggests that the correlation length of wavefunctions at Weyl nodes (E = 0) diverges as ξ ∝ |E| −ν with ν = 0.89 ± 0.05. In the ergodic limit, the level number variance Σ 2 around Weyl nodes increases linearly with the average level number N, Σ 2 = χN, where χ = 0.2 ± 0.1 is independent of system sizes and disorder strengths.
Crystal Weyl semimetals (WSMs), characterized by the linear crossings of their conduction and valence bands at Weyl nodes (WNs) and topologically protected surface states, have attracted enormous attention in recent years because of their exotic properties and potentials in applications [1] [2] [3] [4] [5] [6] [7] [8] . There is little doubt that WSMs are a new state of matter in nature. However, the characteristics of WSMs for a crystal do not apply to a disordered system since the lattice momentum is not a good quantum number. To fully establish the WSMs as a genuine state of matter, one needs to find their fingerprints in disorders that inevitably exist in all materials. It was originally believed that disordered WSMs are featured by vanishing density of states (DOS) at WNs [9] [10] [11] [12] [13] . The divergence of the bulk state localization length at the Weyl-semimetalto-diffusive-metal (WSM-to-DM) transition was also conjectured [14] [15] [16] [17] [18] . Nonetheless, these features were challenged in many recent studies [19] [20] [21] [22] . So far, a simple working criterion for disordered WSMs is still lacking. This study aims to search the fingerprints from the random matrices that describe the disordered WSMs.
Random matrices have broad applications in many fields of physics [23] [24] [25] [26] [27] . In the condensed matter physics, random matrix theory can be used to distinguish different types of metals. The distribution P(s) of nearest-neighbour level spacing s (in the unit of the mean level spacing) of diffusive metals (normal dirty metals) and the level number variance Σ 2 (∆E) = n 2 − n 2 in a given energy range are governed by the Wigner-Dysion distributions [28] . For example, P(s) follows the Wigner surmises, P β (s) = C 1 s β exp[−C 2 s 2 ] (C 1 and C 2 are determined by the probability normalization and the unity of mean level spacing P β (s)ds = sP β (s)ds = 1), where β = 1, 2 and 4, depending on symmetries [29] . They are in contrast to the Poisson distribution P Loc (s) = exp[−s] for level spacings of Anderson insulators. One interesting and fundamental question is whether level statistics can be used to distinguish disordered WSMs from normal dirty metals.
Far from the WNs, the level statistics of extended states of a disordered WSM should not behave differently from those of diffusive metals (DMs). However, near the WNs, the numbers of extended states are few [30] . In another word, extended states tend to avoid these points besides their general level repulsion effect. Thus, this "double" repulsion should result in weak decay of P(s) in the tail. On this aspect, WNs are very similar to the critical points located near each Landau subband [31, 32] of the integer quantum Hall (IQH) systems where there is only one extended state, or the conventional metal-insulator transition point where the density of extended states is also vanishingly small. The level statistics of the extended states in IQH systems and near a metal-insulator transition point are believed to follow a new critical level statistics P c (s) [33] [34] [35] [36] [37] [38] [39] . For Gaussian unitary ensemble (GUE) [29] , a sub-Gaussian decay of P c (s) and a linear increase of Σ 2 (∆E) with the mean level number N were predicted:
and
that differ from the Wigner-Dyson distributions mentioned early. Here γ 0 = 1 − 1/(νd) with the correlation length critical exponent ν and the spatial dimension d. χ > 0 is a universal constant, known as the "spectral compressibility". Naturally, one suspects that extended states in the vicinity of the WNs follow the critical level statistics. The focus of the current work is to see whether this conjecture is correct or not, and whether it can be a fingerprint of disordered WSMs.
In this work, we use the exact diagonalization method to compute the eigenenergies and eigenfunctions of a disordered WSM on a cubic lattice. Through the finite-size scaling analysis of the inverse participation ratio (IPR), we find that the wavefunctions at WNs (E = 0) are fractals of dimension 2.18 ± 0.05. The finite size scaling of the IPR reveals the correlation length ξ(E) of wavefunctions around WNs diverging as ξ = ξ 0 (W)|E/t| −ν a with ν = 0.89 ± 0.05, where a and t are respectively the lattice constant and the hopping energy. ξ 0 (W) is a disorder-dependent dimensionless coefficient. For a finite system of size L, the energy level spacing distribution P(s) within the energy window of
follows the critical distribution P c (s), while the level spacing of extended states outside the energy window is described by the Wigner-Dyson distribution P β=2 (s). For a small energy range ∆E within which the average level number N is small, the level number variance Σ 2 (∆E) around WNs is linear in N, Σ 2 (∆E) = χN, with a disorder-independent constant χ = 0.2 ± 0.1. At moderate disorders where the pair of WNs annihilate each other, Σ 2 (∆E) increases logarithmically with N, in agreement with the Wigner-Dyson prediction for GUE. Model and methods.−To substantiate our claims, we consider a tight-binding Hamiltonian on a cubic lattice of size L 3 and unity lattice constant a = 1,
The first term is for a pure system,
where
) and c i are the single electron creation and annihilation operators at site i.x,ŷ,ẑ are the unit lattice vectors along the x, y, z directions, respectively. σ x,y,z are the Pauli matrices for spin. m z and m 0 are respectively Dirac and Newtonian masses. Hereafter we take m 0 /t = 2.1 and m z /t = 0 with t being the energy unit such that H 0 is a WSM with two pairs of WNs at E = 0 [16] . Disorders are introduced through the second term Hamiltonians (4) and (5) were used in Refs. [13, [15] [16] [17] 21 ] to study phase transitions from disordered WSMs to various other quantum phases. Disordered WSMs in this model break the time-reversal symmetry and belong to the GUE with symmetric index β = 2 [29] . Early numerical calculations [16, 18, 21] of localization lengths and averaged Hall conductivities have established following results for the model when the Fermi level is at E = 0: 1) In the weak disorder of W ≤ W c,1 5.2, the system is a disordered WSM. 2) For the intermediate disorder of W c, 3 21 > W > W c,2 6.2, the system is a normal (without topological surface states) DM. 3) For strong disorder of W > W c,3 , the state of E = 0 is localized, and the system is an Anderson insulator. Whether there is a phase transition between W c,1 and W c,2 is an issue under debate [21] . Later, we shall provide convincing evidence in the level statistics that this is a direct WSM-to-DM transition.
We use the exact diagonalization method to obtain all eigenenergies and eigenfunctions. The IPR, defined as
is the amplitude of normalized wavefunction of energy E at site i, is used to study the wavefunction structure. IPR measures the number of sites that the state occupies and scales with sizes as
for a localized (normal extended) state [42] . If there exists an isolated critical state at E c whose wavefunction is a fractal, the one-parameter scaling analysis says that IPR of the states near E c is a universal function of the fractal dimension [11, 42, 43] ,
where f (x) is an unknown scaling function, C 3 is the coefficient of the finite-size correction, and y > 0 is the exponent for the irrelevant variable. The correlation length ξ diverges as ξ = ξ 0 |E − E c | −ν , where ν is the critical exponent characterizing the universality class. The state wavefunction occupies a fractal (whole) space of dimensionality D 3 (d = 3) if the system size is smaller (larger) than ξ.
In our analysis, we fit the numerically obtained p 2 (E) by Eq. (6) [40]. The identification of whether a state is extended, localized, or critical is guided by the following criteria:
is the one-parameter scaling function and size-independent for E close to E c .
To compute the level statistics of states around the WNs, we diagonalize the Hamiltonian (3) by imposing periodic boundary conditions in all directions in order to eliminate the edge state effects. Near the WNs, the DOSs decrease with |E| algebraically such that a proper renormalization is needed to correctly compute P(s). We also eliminate the systematic error in the histogram plots to increase the accuracy of P(s) [41] .
Results of IPR.− Figure 1 (a) displays ln p 2 (E = 0) v.s. ln L at W = 4 < W c,1 . The curve is a straight line with a slope (fractal dimension) of D = 2.18 ± 0.05, in contrast to a normal extended state that occupies the whole space. Wavefunctions at WNs have a universal fractal structure in the sense that D does not depend on the disorder strength W < W c,1 . This is clearly shown by the D−W curve in Fig. 1(b) . It is evident that D 2.18 is constant for W < W c,1 . However, for W c,3 > W > W c,2 , we find D 3 that indicates the state of E = 0 becomes a normal extended state, and the system becomes a DM. Above W c,3 , the zero energy state is localized with D 0, see the inset of Fig. 1(b) . Our calculations of D are consistent with the direct WSM-to-DM transition.
To confirm the criticality of WNs, we perform the chisquare fit of p 2 (E) to Eq. (6) and plot Y L (E) for W = 4 in Fig. 1(c) . If only systems of small sizes are considered, say L ≤ 18, Y L (E) always increases with L, and one would conclude that all states are extended. However, we find dY L /dL = 0 at WNs for L > 18 within numerical errors, instead of dY L /dL > 0 for an extended state. The merging of Y L (E = 0) indicates E = 0 is a critical point and a novel phase transition between an isolated critical state at WNs and extended states at E 0, very similar to the phase transition from an isolated critical level to localized states in IQH systems [32] .
Our data fit well to the one-parameter scaling hypothesis of Y L (E) = f (L/ξ) with ξ = ξ 0 |E| −ν for states near E = 0. From the chi-square fit of p 2 (E) for L > 18, we obtain ν = 0.89 ± 0.05, y = 0.4±0.1, ξ 0 = 1.5±0.3, and C 3 = 3.2±0.1 [40] . The goodness-of-fit Q = 0.3 is a quite satisfactory number, thus it supports E = 0 as a quantum critical point separating a critical state from extended states. The smooth scaling function f (x = log 10 (L/ξ)) with ξ = ξ 0 |E| −ν is shown in Fig. 1(d) obtained by collapsing all Y L (E) curves of different L into a single curve.
Results of P(s).−Because E = 0 is an isolated critical point for W < W c,1 , one should expect that all states for a system of size L within a small energy range of |E| < c indicated by the vertical dash lines in the inset of Fig. 1(d) , where the critical energy is defined as c = (ξ 0 /L) 1/ν , look like fractals of dimension D = 2.18. The level spacing distribution P(s) within the energy window is expected to follow the critical level statistics of Eq. (1) coming from the assumption of power-law decay of wavefunctions [33, 35, 36, 38] . Our conjecture is confirmed by Fig. 2(a) . Apparently, P(s) = P c (s) only for states near WNs (|E| < c = (ξ 0 (W = 4)/L) 1/ν = 0.035), while far away from the WNs (say |E| ∈ [0.10, 0.11]), P(s) = P β=2 (s). We note also that P(s) evolves from P β=2 (s) to P c (s) as the energy window approached [− c , c ]. Thus, although P c (s) persists at |E| < c for finite L, it will happen only at WNs in the thermodynamics limit L → ∞. Similar features have been observed by a fixed energy window and varying L ( c ) [40] . We investigate now how P(s) within energy range of [−0.03, 0.03] changes with randomness strength W from the universal level distribution P c (s) at a weak disorder, where zero energy wavefunction is a fractal, to the Poisson distribution at extremely strong disorder, where the zero energy wavefunction is localized. Some representative results are shown in Fig. 2(b) . At an extremely strong disorder W = 30 > W c,3 where all states are localized, P(s) (black squares) follows the Poisson statistics P Loc (magenta line). While for W c,3 > W = 8 > W c,2 such that the system is in the DM phase, P(s) (red circles) follows the Wigner surmises P β=2 (s). When the systems are WSMs, say W = 4, 3 < W c,1 , P(s) are described by P c (s). Let us use above results to address the issue whether there is a direct WSM-to-DM transition in the regime of W c,1 < W < W c,2 . If there is a topological insulator phase between disordered WSM and DM phases [21] , one should expect P(s) passing through the Poisson distribution on its way from P c (s) to P β=2 (s). Figure 3(a) are two examples that show clearly P(s) changing from P c (s) to P β=2 (s) in the regime of W c,1 < W < W c,2 without any sign of Poisson distribution. To further substantiate the assertion, we evaluate γ 0 (W, L) and show the results in Fig. 3(b) . The transitions between the new universal level statistics (γ 0 = 0.62) and the WingerDyson distribution (γ 0 = 0) become sharper for larger L. Besides, γ 0 (W, L) curves for different L cross at a single disorder W = W c 5.5, indicate a quantum phase transition. We thus identify W c as the transition point that is substantiated by the nice collapse of all data in the vicinity of W c into a single parameter scaling function of
with the correlation length diverging as ζ = ζ 0 |W − W c | −ν , as shown in Fig. 3(c) . Obviously, two different branches for W < W c and W > W c correspond to two distinct phases. We thus consider Fig. 3 as an empirical verification of the existence of WSM-to-DM quantum phase transitions such that states of W < W c (W > W c ) belong to the WSMs (the DMs) for L → ∞. Results of Σ 2 (∆E).−We also compute the number variance Σ 2 (∆E) for various energy ranges [−∆E/2, ∆E/2] (around WNs) and disorders. Figure 4 displays Σ 2 (∆E) vs N for WSM (W = 4) and DM (W = 8). According to the orthodox theory [33, 38, 44] , there exist two important energy scales: the Thouless energy E T related to the dimensionless conductance of a mesoscopic system and the mean level spacing δ. By using the Kwant code, we numerically obtain E T /δ = 11.1 ± 0.5 and 8.8 ± 0.4 for W = 4 and 8, respectively [45] . There are three interesting regions. One is the so-called free diffusion limit: N = ∆E/δ E T /δ where Σ 2 is given by [44] , see the violet (W = 4) and green (W = 8) lines without any fitting parameter. Our numerical data agree well with the theory. In another limit of ∆E δ, Σ 2 (∆E) follow the Poisson behavior Σ 2 (∆E) = N because the level repulsion will not play any role when the probability of having two levels in ∆E is negligible. Our numerical data for both WSM and DM agree again with this expectation, evident by the fact that black line of Σ 2 (∆E) = N passes through all data points for N < 0.1. Thus, the level statistics of WSMs and DMs are the same in the two regions.
The intermediate region is the so-called ergodic limit of δ < ∆E < E T , where the level statistics of WSMs and DMs are completely different. For DMs, the level repulsion dominates the statistics, leading to the Wigner-Dyson statistics, Σ 2 = (ln(2πN) + 1 + e γ )/π 2 (blue curve), where γ 0.577 is the Euler's constant [28] . Indeed, our data for W = 8 agree with this prediction very well for 0.5 < N < 10. Remarkably, a deviation from the Wigner-Dyson statistics is obviously seen for W = 4, since the overlap of wavefunctions near WNs are much less than the normal extended states. The collective organization of wavefuctions near WNs is much weaker, and Σ 2 shows a linear behaviour in our data with a universal slope χ = 0.2 ± 0.1 (red line) [46] .
Remarks.−(1) A natural question is whether the physics and critical exponents such as γ 0 = 0.62 and ν = 0.89 are modelindependent [47] . As shown in the Supplemental Materials [40], the answer is yes, at least within the models used. Furthermore, γ 0 and ν independently obtained satisfy well the relationship of γ 0 = 1 − 1/(νd) from the theory [33, 38] . (2) The anomalous dimension ∆ 2 = D − d = −0.82 agrees well with an analytical result [48] . (3) The estimated ν = 0.89 is consistent with result of the finite-size scaling of DOSs [15, 18] on double-WN models, but smaller than those by renormalization group calculations on single-WN models [49] . (4) The spectral compressibility χ is related to the fractal dimension D by χ = (d − D)/(2d) [38] . Numerical values of χ = 0.2 and D = 2.18 agree with this relationship within numerical errors. (5) Cold atom systm supporting WNs [51, 52] is the ideal platform to verify our theoretical prediction of the novel level statistics [53] .
In conclusion, the WNs (E = 0) in weakly disordered WSMs are an isolated critical point in the sense that the zero energy wavefunction is a fractal of dimension 2.18. There exists a correlation length diverging as ξ = ξ 0 |E| −ν with ν = 0.89 near the WNs. Wavefunctions exhibit fractal structures at the length scale smaller than ξ, and homogeneous strucutres at the length scale larger than ξ. Near the WNs and in a narrow energy window smaller than [− c , c ] ( c = (ξ 0 /L) −ν ), the nearest-neighbor level spacing distribution is well described by the critical level statistics of P c (s) = C 1 s 2 exp[−C 2 s 2−γ 0 ] with γ 0 = 0.62 ± 0.07, in contrast to the Wigner-Dyson distribution far from the WNs. Similar conclusion is obtained for the level number variance Σ 2 (∆E) = χN around the WNs with a universal spectral compressibility χ = 0.2 ± 0. 
